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Abstract—Spatial diversity is an attractive technology to cope
with the fading channel encountered in mobile communications.
This paper presents novel closed analytical expressions of the
bit-error rate (BER) achievable in a coherent binary phase-shift-
keying (CBPSK) direct-sequence code-division multiple-access
(DS/CDMA) system for any power delay profile and for either
postdetection selection or maximal ratio combining (MRC). In
particular, expressions for the cutoff rate Ro and for its related
parameter D are also formulated in order to assess the system
performance under the consideration of some channel coding
schemes. Finally, an exemplary study is carried out in order to
illustrate the behavior of a realistic space-diversity code-division
multiple-access (CDMA) system according to the analytical ex-
pressions that have been derived.
Index Terms—Channel coding, code-division multiple access,
fading channel, mobile communications, spatial diversity.
I. INTRODUCTION
THE ADVANTAGES of using spatial diversity have beenwidely recognized in the code-division multiple-access
(CDMA) field, although not much effort has been devoted so
far in the open literature to assess analytically these techniques.
In this paper, closed analytical expressions of the bit-error rate
(BER) achievable with antenna diversity and ideal averaged
power control are presented for a coherent binary phase-
shift-keying (CBPSK) direct-sequence code-division multiple-
access (DS/CDMA) system with a RAKE receiver in the
presence of generic multipath Rayleigh fading. This might
model rather well the CDMA system for high fading rates
since, in practice, closed power control, as it is usually
invoked in CDMA systems to mitigate the fast fading, loses
effectiveness for high Doppler rates ( ). Studies shown in [1]
and [2] reveal that moderate values only lead to moderate
reductions on compensating the fast fading. That is, the fading
statistics of the signal after closed power control remains
nearly the same that those obtained with only averaged power
control. In particular, for 80 Hz, as much as an 87% of
the variability is maintained [1].
The analysis pursued in this work includes both selection
and maximal ratio combining (MRC) of the outputs of Rake
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receivers corresponding to different antennas. In particular,
MRC is well suited as a form of microdiversity combining at
the same site, while selection could be suited as a form of
macrodiversity combining to be realized on the network side.
In this case, every base station involved (usually, a total of
two) receives the signal from one mobile. At a higher level in
the network hierarchy, which belongs to the access network to
the mobile interworking unit [3], only the base station with the
best signal-to-interference ratio at the Rake output is selected.
Moreover, the selection diversity performance allows us to
have an analytical upper bound of the performance (in terms
of BER) of the switching microdiversity scheme [4], [5]. This
simple scheme uses antennas, but only one RF front end
and one Rake receiver, so that when the signal level at the
output of the Rake crosses down a preestablished threshold,
the input of the receiver is switched to another antenna.
No coding as well as convolutional channel coding schemes
have also been considered. In the case of coding, closed
expressions of the channel cutoff rate have been formulated
in the presence of ideal interleaving (infinite depth), so that
available bounds of the BER in terms of the channel cutoff
rate can be used. In every case, as usually has been done
in the related literature, the Gaussian model for interferences
has been assumed.
The organization of this paper is as follows. Section III is
devoted to assess BER expressions of a DS/CDMA system
in the presence of Rayleigh fading under diversity combining.
Both selection and MRC are considered as diversity schemes.
In Section IV, the use of channel coding is also contemplated
and the parameter , which appears in the BER bounds for
convolutional codes, is derived for soft decisions. Section
V is devoted to analyze and compare the performance of
both diversity schemes in conjunction with two different
convolutional codes. Finally, in Section VI, some conclusions
are drawn.
II. SYSTEM MODEL
CDMA is a digital multiple-access technique in which
each subscriber has his own identification code and all the
transmitted signals share the same frequency band of the
spectrum. The identification code is an -long pseudorandom
binary sequence, unique for each active user. This sequence is
made up of waveforms, called chips, the duration of which
is . The code length expressed in time is s, so .
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Fig. 1. Selection diversity of order 2 at reception.
The low-pass equivalent impulse response for the link
between an active user and the base station is assumed to
have propagation paths
(1)
where the path amplitude is assumed to be a Rayleigh
random variable and the path phase a uniform random
variable within [0, 2 ].
The optimum receiver of a DS/CDMA system operating in
such a kind of environments, called the Rake receiver [6],
has also been considered in order to take advantage of the
multipath propagation, characteristic in mobile communica-
tions. This receiver recovers the information carried by any
propagation path since it has available -transmitted signal
replicas. However, when the number of propagation paths
is so large that the receiver complexity increases excessively,
or when the signal power received via the last replicas is
negligible with regard to that of the first ones, the Rake
receiver only combines the received signals from (out of
) different propagation paths.
Furthermore, the presence of deep fades, characteristic in
Rayleigh fading channels, produce high error rates. To counter-
act the effects of these propagation conditions, one may resort
to employ antenna diversity in conjunction with the multipath
diversity provided by the Rake receiver.
III. BIT-ERROR PROBABILITY UNDER DIVERSITY COMBINING
Closed expressions of the bit error probability have been de-
rived for a coherent BPSK DS/CDMA system under Rayleigh
multipath fading when antennas are employed at the re-
ceiver. Selection diversity and MRC have been considered and
compared as different form of diversity.
1) Selection Diversity: Fig. 1 shows the receiver structure
for the particular case of selection diversity with two anten-
nas at reception. The receiver contains the RF front end, a
baseband processing module, and the Rake combiner after the
output of each antenna.
denotes the overall signal-to-interference ratio at the
output of the Rake corresponding to the th antenna and is
given by [6]
(2)
where is the number of arms in the Rake and
is the signal-to-interference ratio of the th path
in the th antenna. When selection is employed as form of
diversity, the signal-to-interference ratio before decision is
given by
(3)
For coherent BPSK signaling, the averaged BER can be
expressed as
(4)
In order to assess the expression of , the probability density
function (pdf) of must be determined. It can be obtained
from the pdf of , which are given by [6]
(5)
in the presence of different Rayleigh fadings. is the signal-
to-interference ratio of every path, and the coefficients in the
above expression can be expressed as
(6)
Therefore, the pdf of can be expressed as
(7)
where represents the distribution function of the random
variable . From the expression of the pdf of , it is possible
to compute the mean BER given by (4) for coherent BPSK
and Rayleigh fading with antenna diversity. The expression
for the BER, which has been derived in detail in Appendix
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Fig. 2. MRC diversity of two at reception.
A, is as follows:
(8)
2) MRC Diversity: Fig. 2 shows the receiver structure for
the particular case of MRC diversity with two antennas at
reception, analogously to Fig. 1 for selection diversity.
When MRC is employed as form of diversity, before
decision can be expressed as
(9)
where is again given by (2).
The expression of the mean BER is (4) for coherent BPSK
signaling, so the pdf of must be determined in order to assess
. It can be done by means of its characteristic function,
which can be expressed as
(10)
since the random variables and
are statistically independent. Therefore, the
pdf of is determined from the inverse Fourier transform of
given by
(11)
provided that have different values. The parameters
are given by (6). In such a case, the expression of the mean
BER in presence of Rayleigh fading can be directly derived
from [6]
(12)
When , the above
expression for the mean BER is no longer valid, and in this
case, the characteristic function is expressed as
(13)
Only for it is possible to derive a simple and closed
analytical expression for the pdf of variable , which is
computed as the inverse Fourier transform of and given
by
(14)
From (14), it is possible to determine again the mean BER
for coherent BPSK with Rayleigh fading and antenna MRC
diversity. The expression of the mean BER, which has been
derived in detail in Appendix B, is as follows:
(15)
where
(16)
IV. CODING WITH SOFT DECISIONS
In mobile radio communication systems, there exists the
need to employ forward-error-correction (FEC) techniques
in order to protect the information against the severity of
the multipath propagation. Moreover, it is well known that
in spread-spectrum systems, as CDMA systems are, the use
of channel coding does not require additional allocation of
bandwidth [7]. In case of using convolutional codes as well as
decoders that work with soft decisions at their inputs, bounds
on the BER may be obtained by resorting to the expression [8]
(17)
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where (.) is a function determined solely by the specific code,
whereas the parameter depends only on the coding channel
and the decoder metric.
The use of this bound causes the parameter- appearance,
which is related to the cutoff rate as follows [8]:
(18)
and is defined as
(19)
where
(20)
In the above expression, and represent two different
encoded sequences, and is the received sequence when has
been the transmitted one. The parameter does not depend
on the code, but on the channel, modulation scheme, receiver,
and also on the kind of decisions employed by the decoder,
that is, hard or soft decisions. Therefore, in order to assess the
BER as a function of the capacity, it is necessary to derive the
expression of the parameter as shown below.
When the decoder works with hard decisions, depends
directly on the BER of the channel, and is given by [9]
(21)
where is the average BER at the decoder input.
When it works with soft decisions, depends on the
channel statistics and transmission schemes. In particular,
when selection diversity with antennas having the same
signal-to-interference ratio for paths with identical delays is
employed in a Rayleigh multipath channel, the expression of
for coherent BPSK, which has been given in detail in
Appendix C, is as follows:
(22)
where and are given by (6). On the other hand, when
MRC is selected as form of diversity, the parameter can be
expressed as (see Appendix D)
(23)
V. SYSTEM PERFORMANCE
In order to illustrate the behavior of a space-diversity-based
CDMA system according to the expressions obtained above
and show how to assess the performance of such a system in
a given environment, we have first computed from (8) and (15)
the mean BER of a two-antenna diversity DS/CDMA cellular
system in a Rayleigh multipath environment with the same
statistics in both antennas.
Fig. 3. Mean BER for selection diversity with two antennas at the receiver.
To compare the different diversity combining schemes, let
us assume the power delay profile (PDP) of the channel
to be exponential [11] and identical for any antenna
(24)
where denotes the delay spread of the channel. In this
situation, the variance of , which represents the complex
Gaussian amplitude of the th propagation path between the
transmitter and the th antenna at reception, is given by
(25)
where is the chip interval.
The mean signal-to-interference ratio of the th path at the
th antenna can be formulated as [10]
(26)
where is the number of simultaneous users of the system
within the cell of interest, is the reuse factor that takes into
account interference from other cells, is spread-spectrum
processing gain, and the total number of arrival paths at
the receiver.
Furthermore, in order to assess the performance of the
system for different levels of complexity in the Rake receiver,
which is actually built up with arms, we have assumed
representative values for the parameters on the expressions
derived for the mean BER, as shown below:
1) delay spread normalized to the bit period :
;
2) processing gain: ;
3) reuse factor [12]: .
Figs. 3 and 4 show the mean BER for coherent BPSK of a
DS/CDMA cellular system that make use of two antennas at
reception with selection and MRC diversity, respectively, and
in particular, for the environment described above.
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TABLE I
BE OF A DS/CDMA SYSTEM WITH CBPSK AND CHANNEL CODING (r-1/3 CONVOLUTIONAL CODE AND HARD DECISIONS)
Fig. 4. Mean BER for MRC diversity with two antennas at the receiver.
Concerning channel coding, two representative convolu-
tional codes have been considered. Bounds on the mean BER
for each one of them, derived from the Chernoff bound, are
given by [9].
1) -1/2 convolutional code with generator polynomial 133
171 (octal)
(27)
2) -1/3 convolutional code with generator polynomial 133
145 175 (octal)
(28)
In order to compare the different schemes, the system
performance has been evaluated in terms of the bandwidth
efficiency, which is defined as the number of bits simultane-
ously transmitted by users divided by the total available
bandwidth and which is given by [10]
(29)
where is the coding rate.
To assess the preciseness of the analytical results obtained
from the derived expressions of the mean BER, they have been
compared with results obtained from simulations. To do that,
an identical channel to that assumed to derive the analytical
expressions has been simulated, ideal averaged power control
has been assumed and the -1/3 convolutional code has been
taken as representative. The encoder and decoder of the
Fig. 5. Mean BER for MRC diversity with a r-1/3 convolutional code.
convolutional code have also been simulated in order not
only to evaluate the preciseness of the obtained analytical
expressions, but also the bounds given in (27) and (28). The
theoretical results and those obtained in the simulations are
depicted in Fig. 5. The curves shown in this figure are so
close for both and that it can be stated
that the upper bounds on the mean BER for convolutional
codes are very tight, except when the channel introduces too
many errors ( > 1) so that the convolutional decoder
significantly degrades and bounds on the BER are no longer
valid. Moreover, when increases the bounds on the BER
tend to be tighter as it is expected.
Table I shows the BE for a DS/CDMA cellular system with
no diversity (only one antenna), selection diversity, and MRC
diversity (two antennas). It has been computed for the value
of that supports a transmission with a mean BER 3.
In this case, the -1/3 convolutional code with hard decisions
has been considered as the channel coding employed in the
system. In examining the BE values shown in Table I, it is
apparent that diversity significantly improves capacity.
Table II shows the BE for a DS/CDMA system with
selection diversity for both convolutional codes ( 1/2 and
1/3) with hard and soft decisions and Table III for MRC
diversity. In both cases, selection or MRC, the BE is nearly
twice greater when the decoder works with soft decisions, and
as a result, the capacity may be increased in the same way.
In all the tables shown above, it can also be noticed the
capacity gain in terms of receiver complexity by means of the
parameter .
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TABLE II
BE OF A DS/CDMA SYSTEM WITH CBPSK AND CHANNEL CODING FOR SELECTION DIVERSITY
TABLE III
BE OF A DS/CDMA SYSTEM WITH CBPSK AND CHANNEL CODING FOR MRC DIVERSITY
VI. CONCLUSIONS
In summary, novel closed analytical expressions have been
derived for the mean BER of a -antenna postdetection selec-
tion diversity and MRC diversity DS/CDMA cellular system
under an ideal averaged power control scheme and under
any generic Rayleigh multipath environment. It has also been
obtained tight upper bounds on the BER in terms of the
cutoff rate for such diversity schemes when convolutional
codes and soft decisions are employed. These expressions, the
preciseness of which has been evaluated through simulations,
have allowed us to assess the system performance and compare
the gain in capacity for any of the analyzed schemes in the
presence of a realistic environment.
APPENDIX A
To simplify the computation of
(30)
let us make the change of variable so that
(31)
with
(32)
If the two integrals in (31) are computed by parts, the
expression of the mean BER obtained is given by
(33)
and after substituting (32) in (33), the final expression is
(34)
APPENDIX B
To simplify the computation of
(35)
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let us make the change of variable so that
(36)
It is convenient to compute the integrals in (36) by parts, so
it is straightforward to obtain the expression of the mean BER
(37)
where
(38)
APPENDIX C
When a Rake receiver is employed, the parameter can
be expressed as [9, vol. II, p. 50]
(39)
Let us define
(40)
and notice that the signal-to-interference ratio at the output of
the Rake receiver is
(41)
so (39) can be transformed in
(42)
To compute this average, we need the expression of the pdf
of given by (7), so that
(43)
Then, minimizing the parameter expressed in (43), the
following expression is obtained:
(44)
APPENDIX D
When MRC is selected as form of diversity, from (42) we
have that
(45)
Therefore, the parameter is given by
(46)
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